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ABSTRACT 

For any graph G( V, E), a block graph B(G) is a graph whose vertices are corresponding to the blocks of G and 
two vertices in B(G) are adjacent whenever the corresponding blocks contain a common cut vertex in G. A dominating set 

I Q V[ B(G3] j s ca jj e( j an independent block dominating set if induced sub graph is independent. The independent 
block domination number is denoted by YihO and equals to 

min III T is an independent Mock dominating set of B(G) In this paper many bounds on Yib (G) are established in 
terms of elements of G. 

KEYWORDS: Block Graph, Domination Number, Independent Domination Number, Independent Block Domination 
Number 
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INTRODUCTION 

We consider connected, undirected, finite graphs without loops. We follow the notations and terminology of 
Harary [2]. Let G = (V, E) be a graph with \V\ = p ami \E\ = q. n denotes number of blocks of G. The maximum degree 
of a vertex in G is The minimum number of colors in any coloring of a graph G such that no two adjacent vertices 

have same color is called the chromatic number of G and is denoted by #(£T). The vertex covering number is 
minimum cardinality of vertex covering where vertex covering of G is a set of vertices that covers all edges of G. N(v) and 
N [v] denote the open and closed neighborhoods of a vertex v respectively in G. 

A set D of a graph G =( V, E) is a dominating set if every vertex in V - D is adjacent to some vertex in D. 
The domination number of G is the minimum cardinality of a minimal dominating set. A dominating set D is called 
connected dominating set if induced sub graph { U } is connected. The connected domination number y s (£T[ is the 
minimum cardinality of a connected dominating set of G. A set I e of edges in a graph G =( V,E) is called an edge 
dominating set of G if every edge in E - I e is adjacent to some edge in I e . The edge domination number Y s (G"j of G is the 
minimum cardinality of a minimal edge dominating set of G. An edge dominating set I e is called an independent edge 
dominating set if induced sub graph "t I £ } is independent. A non trivial connected graph with no cut vertex is called a 
block. A block graph B(G) is a graph whose vertices are corresponding to the blocks of G and two vertices in B(G) are 
adjacent whenever the corresponding blocks contain a common cut vertex in G. In this paper we obtain certain bounds on 
T'iff(£7} in terms of vertices, blocks and other parameters of G. 

We need the following theorems to prove our later results. 
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Theorem A [3]: For any connected graph G, 

■La 

Theorem B [4]: For any connected graph G, y{b^ < n — £{& ). 

Theorem C [4]: If G is a connected graph with p > 3 vertices then ItO?} = p c t(^)- 
RESULTS 

Theorem 1: For any connected graph G, 7;c(f/3 = 1 if 

• G is a non - separable graph, or 

• G has exactly one cut vertex, or 

• The block graph B(G) has exactly one cut vertex. 
Proposition 1: For any path P p , 

Tie '■Ak - 1) = Yie 3 = Ts k + 1) = fc where k = 1, 2, 3, 

Proposition 2: For any star K i n , 

rate J = ntFiJ = r(X. R ) = l 

Theorem 2: For any connected graph G, Ya^} < y((Tj. 

Proof: Let V = {v b v 2 , v 3 , , v p } be the vertex set of G and let D = {v,, v 2 , , v d } be the minimum 

dominating set of G. Let A = U M be the set of blocks of G where E^ is set of end blocks and is set of non - end 
blocks in G. The corresponding block vertex set of A in B(G) is H = E U M where E and M are corresponding block 
vertex sets of E l o-nd M r respectively in B(G). Then the set I = E t U M t where F L Q E and Mj Z M covers all the 
vertices of H - I and every E / is at a distance at least 2 apart from other vertices of I. Also the induced sub graph 
(Ej_ U M l ) is disconnected. Then clearly, \Ej_ U Jtf L | = |/| = y i6 (G"}. Now to give the relation with we consider the 
following cases. 

Case 1: Suppose G is non - separable. Then B(G) is an isolated vertex and Since any non - separable 

graph has at least two vertices, clearly }'((r~J > Yio(^}- 

Case 2: Suppose G is separable. Then { Ej_ U MjJ is an independent dominating set and since every E I 
contains at least one vertex of D, clearly 7is(t/3 < Y(fi"y 

Theorem 3: For any connected graph G, y; j, {S} < \^\ 

Proof: By Theorem A and by Theorem 2 the result follows. 

Theorem 4: For any connected ( p, q) graph G with n blocks, y a (G) < J- 

Proof: Let G be a graph with p > 2 vertices and A = {Bl, B 2 ... B n } be the set of blocks of G. Let H = {bi, b 2 , 
, b n } be the corresponding block vertex set in B(G) respectively. Let I = {b h b 2 , , b ; }, i < n be the minimum 
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independent block dominating set in B(G) and the minimum independent block domination number Yr e {(r} = 
We prove the result by induction on blocks of G. The inequality is clearly true for n = 1, 2 or 3 and the smallest graph for 
which the equality occurs is a block with two vertices. Assume the result is true for all graphs with n = k blocks. 

Then y^iG} < \~^\ If G nas k + 1 blocks and this (k + l) th block is connected with any other block in G then at least 
one vertex b t will be increased in B(G). If N (&J E 1 then Yih[ G ) = If & C*i) £ 1 tnen h e 1 and 
Yjbfc) = \I\ + 1 < [ 2± J !± \ ■ H ence the result y [6 (C> < J holds. 

Theorem 5: For any connected ( p, q) graph G, Yr e (£) 5 YciQ- Equality holds for a graph G with exactly one 
cut vertex incident with blocks which are complete. 

Proof: Let D c be the y r set of G. Then D c must contain at least one vertex from each block of A = {B[, B 2 , , 

B n } in G. Let H = {b b b 2 , , b n } be the corresponding block vertex set respectively in B(G). Let I = {b ; }, i < n be the 

minimum independent block dominating set in B(G). Since every E I, 1 < i < n has at least one vertex of D c , clearly 
l/l < \D C \. 

Hence y^G) = |/| < \D C \ = gives r i6 (ff> < y c (G). 

For equality, suppose the graph G has exactly one cut vertex incident with blocks which are complete. 
Clearly 7 f (£] = 1 and since B(G) is a complete graph the equality follows. 

Theorem 6: For any connected graph G, [J^J ^ 7[f(C3 ^ p- ^(^3- 

Proof: For any connected graph p - q < 1 and Ya ^ — L Also for any graph G, 1 -I- A (tr) h 2 . 
Hence " ** < y^ g {.G]. For upper bound, by Theorem 5, Yia^J — Yi(Q an d by Theorem B, 7[(<j3 < p — 

Hence y a fc) < p- Lffl and < < p- A(C). 

Theorem 7: For any tree T, y iE , (T) = y[ (T). 

Proof: Since every edge of T becomes a vertex of B(T) clearly, Yih 00 = y( (TX 
Theorem 8: For any graph G, Yn (^3 < a^C}. 

Proof: In [5], it is known that y{G} < a^G] and by Theorem 2, Yia'^) '£ Y{fy- Hence the result holds. 
Theorem 9: For any connected graph G with p > 2, Yia^} ^ p — 1. 

Proof: Suppose G is non - separable. Then by Theorem 1, the inequality is true. Suppose G is separable. 
Let H = { t>i, b 2 , b n } be the block vertex set of B(G) and I = { b ; }, 1 < i < n be the minimum independent block 
dominating set in B(G). Then maximum possible number of vertices in H is n = p - 1, 
obviously V b £ E / , |/| < * = p — 1 . Hence Yio (£) = |/| < p - 1 gives the result. 

Theorem 10: For any connected graph G with p > 3, Yie^^ — P ~ I I- 

Proof: By Theorem C and by Theorem 5 the result follows. 
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Theorem 11: For any connected graph G, Y<- e (.G^ < p— -I- 1. Equality holds for any complete graph 

with p > 2 vertices. 

Proof: From Theorem 2, ^ 

In [1], D. Gernert has showed that y(g"} +- xiG*} < » + 1 . When in fact, 

< :'(£ 3 < S D (G^ < ti — x +■ 1 ■ Hence for our result one can easily verify the result. 

Theorem 12: For any tree T, Yih (7} < Equality holds if and only if T is isomorphic to a spider. 

Proof: Let H 2 = { v b v 2 , v 3 , , Vj } be the set of vertices in B(T) such that H~ E N^H^ where = { v,, v 2 , v 3 , 

, v, } is the set of end vertices of B(T). Suppose K £ Vl S(7>] - H t and K £ W (H J . Then / = Jf L U /? a where 

If L E # covers all the vertices in B(T). Further if sub graph { if L U/f : } is independent then the set I forms a minimal 
independent dominating set of B(T). Clearly \K L U H z \ < ^— . It follows that Yib (7} < ^p. For equality we consider the 
following. 

For necessary condition consider Yi b(T} < 

Since number of vertices in H is p - 1, < = ^. Since I is minimal independent dominating set, for any 

»i E 1, M [p E > S / . It foUows that all 1* E H L , NQv$ 6 H 2 and \H L \ = [H s I. So H t U H 3 is V [ B(T) ] and the tree T is a 
spider. 

For sufficient condition, Suppose the tree T is isomorphic to a spider. Then |/| = |/f J = ^. Since for any tree T, 
q = p - 1 it follows that YibiT} = ^ 

Theorem 13: For any tree T, y a (jf) < [~~| + 1 where m is number of end blocks of T. 

Proof: Let A = [B h B 2 , , B n } be the set of blocks of T and let E '= { B h B 2 , , B m } be the set of all end 

blocks in T with \E 1 1 = m. The corresponding block vertex sets are H = { bi, b 2 , , b n } and E = { bi, b 2 , , b m } 

respectively in B(T). Without loss of generality since \H\ = |A|, let I = FUK where F £ E and K £ H - E such that 
K ^ N be the minimal set of vertices that covers all the vertices in B(T). By the above condition clearly the vertices 
of < I > are independent. Then I is minimal independent dominating set of B(T). Suppose 3 at least one vertex v in T with 
deg v > 3 incident with end blocks. Then in B(T), the edges incident to v form a complete graph as a block in B(T). 

Suppose T has more than one vertex with deg v > 3. Then B(T) has more than one block which is complete with p 

> 3 vertices. Let H 3 = {b b b 2 , , b k } be the vertex set and each vertex b k belongs to each block of B(T) which is 

complete. Let H 4 = {b b b 2 , , b t } be the vertex set such that any b t does not belonging to end blocks of B(T). Hence 

V9 t £f (£(r)] are not joining any two vertices in { H i UH i }. Clearly [~~| £ l^j U — 1, which gives 
IH.UHJS 1. 
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CONCLUSIONS 

We studied the property of our concept by applying to some standard graphs. We also established the 
results by comparing our concept to other different dominating parameters. Also compared to chromatic 
number of general graph, so that to develop further results related to the NP - problems. 
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